Abstract. Electromechanical nanothermometers are instruments that work on the basis of the van der Waals (vdW) potential energy and interaction force of their constituent carbon nanotubes (CNTs). The CNT-based nanothermometers have two di erent con gurations: telescope and shuttle con gurations. In this article, based on the Lennard-Jones potential function together with the continuum approximation, rst, the vdW potential energy and interaction force for a telescope con guration with nite CNTs are derived, which have not been obtained in the previous research studies. Thereafter, by employing the interaction force, the equation of motion between constituent CNTs is solved. Subsequently, a new semi-analytical expression is obtained which enables one to precisely evaluate the oscillation frequency. By employing the given formulae, e ects of di erent system parameters on the vdW interactions and oscillation frequency are shown.
Introduction
Nanotechnology is one the most promising technologies which has been evolving with a rapid pace in recent years. The advances in nanotechnology have been growing even faster when the landmark paper of Iijima on carbon nanotubes (CNTs) was published in 1991 [1] . Due to incomparable mechanical and electronic properties, CNTs are recognized as the main building blocks for various nanotechnology applications [2, 3] . Gigahertz (GHz) oscillators [4] [5] [6] are one of the most versatile types of such devices used in ultra-fast optical lters and ultra-sensitive nano-antennas [7, 8] . The idea of such devices was proposed by Cumings and Zettl [9] via conducting experiments on two nested Multi-Walled Carbon Nanotubes (MWCNTs) which had nearly frictionless telescopic motion. In their experiment, one end of the outer shell was opened and the core was pulled out by a movable manipulator *. Corresponding authors.
E-mail addresses: r ansari@guilan.ac.ir (R. Ansari); mhdshhosseinzadeh@gmail.com (M. Hosseinzadeh) in a high-resolution Transmission Electron Microscopy (TEM). The walls of adjacent tubes in MWCNTs are held together via weak van der Waals (vdW) forces that are inter-atomic forces between non-bonded atomic pairs. These forces generate sliding and rotary motions between the walls of MWCNTs. The oscillatory behavior and vdW interactions of CNTs have been a subject of wide interest, and numerous studies have been devoted to investigate their di erent features thus far [10] [11] [12] [13] [14] [15] [16] [17] .
Understanding the properties of materials at the nanoscale requires sensitive devices which can provide measurements of high precision, e.g. nanothermometer [18] [19] [20] [21] [22] [23] . Nanothermometer is used to measure temperatures of spaces surrounding the nanoscale devices [24] [25] [26] [27] [28] [29] . These instruments overcome the di culty encountered in measuring temperature of nanoscale systems via thermometer and thermocouple. Nanothermometer can operate in conditions with high temperature changes where conventional measurement systems, such as thermometer and thermocouple, almost fail. Carbon nanothermometer was rst proposed by Gao et al. [30] who accidently discovered that CNTs lled with gallium can be used as a device to measure temperature between 50 C to 500 C. Liu et al. [31] examined the freezing and melting characteristics of gallium encapsulated in CNTs through insitu observation in a TEM. Their study showed that the state of gallium encapsulated in CNTs is liquid up to 80 C. The precision of measuring through gallium-lled CNT nanothermometer is dependent on its identi cation and calibration in a TEM which can impose limitations on its applicability. There are also some other recently-published research papers on nanotermometry. For instance, Liu et al. [32] investigated the uorescent nanothermometer which has the potential to monitor the temperature variation in the nanoregime via biocompatible uorescent carbon nanodots through one-step microwave assisted synthesis and two types of polymers. Pi and coworkers [33] studied the magnetic nanothermometry utilizing both odd and even harmonics of magnetic nanoparticles under low frequency (f = 117 Hz) ac and dc magnetic elds on the basis of the rst-order Langevin function. Mayle and associates [34] performed investigations on the thermometry of CNT circuits by monitoring the intrinsic temperature and the thermal management for the CNT and nano-circuits. Su et al. [35] fabricated Ga-lled MgO and silica nanotubes by a simple onestep method. Zhou et al. [36] reviewed the principles and aspects of nanothermometer design driven by two emerging areas: single-cell thermogenesis and imageguided thermal treatments. Also, Bichoutskaia et al. [37] introduced another type of CNT nanothermometer which consists of DWCNTs with nonchiral commensurate walls. These authors investigated the dependence of the inter-wall interaction energy on the relative displacements of the walls of a DWCNT constituting a (6,6) and a (11, 11) CNT. This type of nanothermometer has two common forms: shuttle and telescope con gurations. Shuttle nanothermometer has a movable outer wall and a xed inner wall, whereas the other one has a movable inner wall and two xed outer walls. Di erent aspects of these nanothermometers were investigated in [37] [38] [39] . Studies performed so far on this topic clearly show that the vdW interaction and relative motions of DWCNTs have signi cant in uence on the performance of such devices [38, 39] . In this respect, Rahmat et al. [38] and Ansari et al. [39] examined the vdW potential energy and interaction force between constituent CNTs of nanothermometer with shuttle and telescope con gurations. Both of these authors employed continuum approximation along with the Lennard-Jones (LJ) function to model the vdW interactions.
The aim of the present paper is to investigate the oscillatory behavior of the CNT nanothermometer. In particular, in order to estimate the interaction between two nanostructures via continuum approximation, surface integrals must be carried out over both smeared surfaces. The resulting integral is a quadruple integral which can be reduced to a double one by means of linear transformation. This double integral nally turns into a single integral via mathematical manipulation that can be readily used to calculate potential energy and interaction force. Further, the oscillatory behavior of movable CNTs of nanothermometers is analyzed through a new semi-analytical expression obtained from the force equation.
Interaction of constituent CNTs of nanothermometers
In this section, the derivation of the vdW interaction force is brie y described which is later used to extract the associated expression for oscillatory frequency. The total potential energy is achieved by summing the potential energy between the pair of atoms from each molecule as follows:
In the preceding equation, ( ij ) is the LJ potential function for atoms i and j at distance ij apart. The LJ potential function is expressed as follows:
in which A and B indicate the attractive and repulsive constants, respectively. According to the continuum approximation, carbon atoms are assumed to be uniformly distributed over the surfaces of interacting entities. So, the double summation in Eq. (1) can be replaced by a double integral as follows [11] :
where n 1 and n 2 represent the mean surface densities of atoms on the rst and second molecules, respectively, and indicates the distance between two typical surface elements d (4) 2.1. The VdW interactions for telescope con gurations with nite CNTs
In this part, the derivation of the vdW potential energy and interaction force equations for a telescope nanothermometer with nite constituent CNTs is discussed. It is assumed that the lengths of the inner CNT, righthand side CNT, and left-hand side CNT are equal to 2L 1 , h, and H, respectively. According to Figure 1 , the origin of the reference coordinate system is located at the middle of the two outer CNTs. In addition, the distance of the middle of the inner CNT from the origin is shown by Z. The parametric equations for a typical point on the surface of the left-hand side outer CNT, the inner CNT, and the right-hand side outer CNT can be represented by (R 3 cos 2 ; R 3 sin 2 ; z 3 ), (R 1 cos 1 ; R 1 sin 1 ; z 1 ), and (R 2 cos 2 ; R 2 sin 2 ; z 2 ), respectively, where R is the radius of CNT. Thus, the vdW potential energy for the inner and right-hand tubes can be obtained as follows: where n c represents the mean surface density of carbon atom, and:
The aforementioned quadrature integral can be reduced to a double integral through linear transformations performed on 1 2 and z 1 z 2 planes, as illustrated in Figure 2 :
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Accordingly, one can write: 
Thus:
It is remarkable to note that ( ) 12 is an even function in terms of , so Eq. (11) turns into:
where:
It is worth mentioning that is independent of v, so:
in which:
Therefore, the following relation can be obtained for ( ) 12 : 
where: 
and: 
Thus, the total potential energy for the telescope con guration can be obtained by:
Additionally, the total vdW interaction force can be obtained as follows:
The vdW interaction force (F Z ) 12 can be obtained by: 
and:
The vdW interaction force between the inner and left-hand side tubes becomes: 
VdW interactions for shuttle con gurations consisting of nite CNTs
The geometric illustration of a shuttle con guration with nite inner tube is shown in Figure 3 . The inner and outer tubes are respectively of lengths 2L 1 and 2L 2 and radii b 1 and b 2 . In addition, the origin of the reference frame is located at the midpoint of the inner tube. It was discussed in [39] that the vdW potential energy between the inner and outer tubes can be evaluated from the following single integral equation:
in which = b 1 b 2 n 2 c , and: 
: By di erentiating the total potential energy with respect to Z due to the symmetry of the problem, the axial interaction force is achieved as follows:
where: @ ( ) @Z = 
Equation of motion and frequency of the oscillation
By making use of the Newton's second law, the equation of motion for the inner tube can be expressed as follows [11] :
where M is the mass of the movable tube and can be evaluated as follows [11] : The frequency of oscillation can be achieved from the equation of motion or from the energy equation. As long as the frictional e ect is ignorable, the total energy remains unchanged Thus, according to the conservation of the mechanical energy, the following relation can be obtained [11] :
where A 0 indicates the amplitude of the oscillation. As discussed in [39] , among the terms appeared in the potential energy and vdW interaction force formulae for both of shuttle and telescope con gurations, the dominant terms are those containing tan 1 . It should be noted that since the telescope nanothermometer with nite tubes is a special case of telescope nanothermometer with two in nite outer tubes, one can conclude that the series consisting of tan 1 are the dominant terms of the potential energy and vdW interaction force formulae for this case as well. Thus, by inserting dominant terms of Eqs. (21) and (27) 
By applying Taylor series to the second term on the right-hand side of Eq. (35), one can obtain the following expression: 
Now, by performing an integration over both sides of the previous equation, the following expression can be attained:
where Z = A 0 sin 2 . Finally, the period of the oscillatory motion can be achieved as follows:
from which the oscillation frequency can be obtained by:
Results and discussion
In this section, rst of all, numerical results are presented for the vdW potential energy and interaction force of telescope nanothermometer with nite tubes. Thereafter, based on the formulation presented in Section 4, results of oscillatory frequency for the shuttle and telescope nanothermometers are proposed. All the constants used in the numerical calculations are given in Table 1 .
vdW interactions for telescope con guration with nite tube
Alterations to the vdW potential energy and interaction force with respect to axial distance Z are respectively illustrated in Figure 4 (a) and (b) for di erent half lengths of inner tube. In this gure, the left-hand side tube is a (10,10) CNT, the inner tube is a (5,5) CNT, and the right-hand side one is a (12,12) CNT. [10] This gure shows that the potential energy between the right-hand side nanotube and the inner CNT is greater than the level of potential energy between the left-hand side and the inner CNTs. This observation is due to the reason that the inter-wall spacing between the inner CNT and the right-hand side CNT is smaller compared to the interwall spacing between the inner CNT and left-hand side CNT. Additionally, the pro le of potential energy is seen to be sensitive to the changes in L 1 . For the case where the distance between the two ends of outer CNTs is kept constant, as L 1 increases, the potential energy decreases and its pro le changes from a trapezoid shape to a V-shape. But, from Figure 4 (b), it can be observed that the minimum or maximum of the vdW interaction force is not a ected by the length of the inner tube. Exhibited in Figure 5 respect to axial distance Z for various h. It is noted that the lengths of right-and left-hand side CNTs are denoted by h and H, respectively, as shown in Figure 1 . From Figure 5 (a), one can deduce that when h alters, only the potential energy attributed to the interaction of inner CNT and the right-hand side CNT changes. E ect of increasing the length of the left-hand side CNT on the alteration of the vdW potential energy and interaction force is depicted in Figures 6(a) and 6(b) . By compering these gures with Figures 5(a) and 5(b) , it is seen that the e ect of increasing H on the potential energy and interaction force of the left-hand side CNT and the inner CNT is the same as that of increasing h on the vdW interactions of the right-hand side and inner CNT. Figure 7 shows the prediction of the vdW potential energy and interaction force using only the dominant terms of the vdW interaction equations. This gure clearly exhibits that the terms consisting of arctangent and G (k) b multipliers in Eqs. (22) and (25) can approximate the vdW potential energy and interaction force with good accuracy. 
Oscillatory frequency
The frequency pro les of shuttle and telescope con gurations are illustrated in Figures 8 and 9 , respectively. These gures exhibit that the frequency of oscillation, which is in the GHz range, decreases as the amplitude increases. The e ect of the outer tube length on the frequency behavior is shown in Figure 8 . As mentioned earlier, in the shuttle con guration, the outer tube oscillates. According to this gure, it is observed that as the length of the outer CNT increases, the frequency of shuttle con guration decreases. This is expected because by increasing the length of the CNT, the mass increases which slows down the tube movement. In the telescope con guration, as it was stated earlier, the inner tube is movable, while the other two outer CNTs are xed. Based on Figure 9 , it can be deduced that increasing the length of movable tube has similar e ect on the frequency of oscillation as it was observed for the shuttle con guration. 
Conclusion
The aim of the present paper is to obtain the oscillatory frequencies of CNT-based nanothermometers. In order to derive the equation of motion, the vdW interaction force between constituent CNTs of nanothermometer must be used. To this end, upon the utilization of the Lennard-Jones potential function together with the continuum approximation, vdW potential energy and interaction force for telescope con gurations were obtained in terms of a single integral. After solving the equation of motion, a semi-analytical expression was obtained which can be readily used to evaluate the frequency of oscillation. This new expression enables us to study the e ect of di erent system parameters on the dynamic behavior of such GHz oscillators. Results show that the geometrical parameters, such as length of movable tube, a ect the oscillatory behavior of such systems. 
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